A := C A which can be represented in the form f (z, w) = g (zw) , where g is a single variable function from the disc algebra C A (D). We prove that B zw is a Banach algebra under the Duhamel multiplication
Introduction
Let B be a Banach algebra. Recall that (see Rickart [9] ) the radical R of an algebra B is equal to the intersection of the kernel of all (strictly) irreducible representations of B. If R = {0}, then B is said to be semi-simple and, if R = B, then B is called a radical algebra. Equivalently, B is a radical Banach algebra, if for every element b ∈ B the multiplication operator M b , M b a := ba (a ∈ B), is a quasinilpotent operator on B (i.e., σ (M b ) = {0}).
The classical example to the radical Banach algebras is the disc algebra A(D) under a different multiplication defined in terms of a convolution (f * g)(z) := z 0 f (z − t)g(t)dt, where |z| ≤ 1 and the integral is taken over any Jordan arc which (except possibly for z) lies entirely within the interior of the disc D = {z ∈ C : |z| < 1} (Recall that the norm of disc algebra A(D) is defined by f A(D) := sup z∈D |f (z)|). With this definition of multiplication, it is not difficult to prove that 
As in the preceding example, the following is true,
so that L 1 (0, 1) is a radical algebra (more detailly see for instance, Rickart [9] and Gelfand, Raikov and Shilov [3, p. 118 
]).
As is known (see, for example, Rickart [9] , Dunford and Schwartz [2] , Gelfand, Raikov and Shilov [3] ), description of the maximal ideal space is well studied for the radical Banach algebras. However, for the "non-radical Banach algebras" with respect to the Duhamel multiplication the same questions, apparently, are not completely investigated. Some particular results are contained in Karaev [5, 6] , Karaev and Tuna [7, 8] .
In the present paper, we consider a concrete non-radical Banach function algebra with multiplication as the Duhamel multiplication and describe its maximal ideals, and thus characterize its maximal ideal space. Namely, we consider a Banach algebra C (n) (D × D) (n ≥ 2) consisting of the complex-valued functions f that are continuous on D × D and have nth partial derivatives in D×D which can be extended to functions continuous on
It is well known (and easy to verify) that this multiplication has a closure property (i.e., f g ∈ C (n)
A ), and also has a commutativity and associativity property. Let B zw denote the subspace consisting from the functions f ∈ C (n)
A , which can be represented in the form f (z, w) = g (zw) , where g is a single variable function from the disc algebra C A (D) . Since B zw is a closed subspace of a Banach space C (n)
A , B zw is also a Banach space. The norm in B zw is defined by the formula
We prove that B zw is a Banach algebra under the Duhamel multiplication
with the unit 1 (and therefore (B zw , ) is a non-radical Banach algebra), and we describe its maximal ideal space.
2. The characterization of invertible elements of the Banach algebra (B zw , )
In this section we investigate the maximal ideals of the Banach algebra (B zw , ). For this purpose, we will give an invertibility criterion for the elements of (B zw , ), which is equivalent to the description of maximal ideals of (B zw , ) (an element f of (B zw , ) is invertible in (B zw , ) if and only if f does not belong to any maximal ideal of (B zw , )) (For the related results, see also [5] and [10] ).
Lemma 2.1. The algebra (B zw , ) is a Banach algebra with respect to the norm defined by (1.2).
Proof. It follows from (1.1) that for every f, g ∈ C (n)
which implies that
for every F, G ∈ B zw . Then the standard calculation for derivatives shows that
and thus by using (1.2), it is easy to verify that
The lemma is proven. Now let us prove our main lemma. The quasinilpotent operators technique is used for the proof of the lemma. Note that this technique for the proof of invertibility of the analytic functions f ∈ C (n) A (D), apparently, was firstly applied by Karaev and Tuna in [7] , see also Karaev [6] and Karaev and Tuna [8] .
Proof. Let f is an invertible element of the Banach algebra B zw with respect to the Duhamel multiplication (see formula (2.1) and Lemma 2.1). Then, there exists a unique element g ∈ (B zw , ) such that (f g)
Conversely, let f (0) = 0. Let us prove then that f is an invertible element of the Banach algebra (B zw , ). For this purpose, it is sufficient to prove that the corresponding Duhamel operator D f , D f h = f h, h ∈ B zw , is invertible in B zw . Indeed, let us denote F := f −f (0). Clearly, F (0) = 0, f (z) = F (z)+f (0), and thus D f = f (0) I + D F , where I denotes the identity operator on B zw . Therefore, since f (0) = 0, in order to prove the invertibility of the operator D f , it is enough to prove that D F is a quasinilpotent operator (i.e., σ (D F ) = {0}) on B zw . For this, we will use the classical Gelfand formula for the spectral radius of operators:
where
Then, we obtain the following:
≤ F n g n |zw| , and
Thus, by induction we get
On the other hand,
Same calculus shows that
By induction we get
Analogously, we have
Then, by induction we get that
By induction we obtain from (2.2), (2.3) and (2.4) that
is a quasinilpotent operator on B zw , which
shows that an operator
It is obvious from Lemma 2.2 that (B zw , ) is a non-radical Banach algebra. Now we can state our main result, which describes the maximal ideal space of the commutative non-radical Banach algebra (B zw , ) . , ) ) of the Banach algebra (B zw , ) consists of the one homomorphism, the evaluation at the origin: h (f ) = f (0) .
Proof. Indeed, by Lemma 2.1, B zw is a (commutative) Banach algebra under the Duhamel multiplication , and by Lemma 2.2, the maximal ideals in (B zw , ) have the form {f ∈ B zw : f | zw=0 = 0} , which shows that σ (f ) = {f (0)}, that is the spectrum of every element f ∈ (B zw , ) consists of the sole point f (0). This shows that the maximal ideal space M ((B zw , )) of (B zw , ) consists of the sole homomorphism, namely, evaluation at the origin, and the Gelfand transform is trivial. The theorem is proved.
Remarks on the Invariant Subspace and Cyclicity of the Hardy type Operator
In the present section, we consider the Hardy type operator H defined on the Lebesgue space
It is easy to see that if E is a measurable subset of the unit square [0, 1] × [0, 1] , which satisfies the condition
then the subspace
f (x, y) = 0 a.e. on E} is an invariant subspace for H, that is HM E ⊂ M E . These subspace are in a sense analogous to the invariant subspaces of the classical Volterra integration operator
f (t)dt; however, there are many other invariant subspaces:
is said to be a cyclic set for the operator
The spectral multiplicity µ(A) of the operator A is defined by µ(A) := min {cardG : G is a cyclic set forA} .
In this case, obviously µ(A) = 1, and A is said to be a cyclic operator. 
This result of Atzmon and Manos shows that µ(W ) = +∞ while µ(V ) = 1. Now it follows from this result that We will show that µ(H xy ) = 1, that is H xy is a cyclic operator. By induction it can be easily verified that that is 1 is a cyclic vector for H xy , which means that µ(H xy ) = 1. The proposition is proved.
